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Who cares about the S matrix?

- Hundreds of thousands of papers written about the S-matrix

- S-matrix is related to experiment (or is it?)
- Comparing theory to nature helps us learn about nature and theory

- What are its symmetries?
- e.g. Lorentz invariance, unitarity, dual conformal invariance

- What is its analytic structure?
- where are its singularities?
- Can we use them to bootstrap up all of S?

- How do we best encode its content?
- Spinors, twistors, amplituhedron?
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What is the S-matrix?
“In state” Xk —— “out state”
) — ~

‘ ¢out >

Intuition: S should map incoming states to outgoing states

Schrodinger picture language is most natural

|win> — e_th |win>
Attempt #1

lll’glo <¢Out |€th |¢in>

Sin,out —
t—



What is the S-matrix? Matthew Schwartz

What is the S-matrix?
‘In state” X’* g “out state”
’¢in>

‘ ¢out

Attempt #1: Sin,out — tlifg)<¢out|€th‘win>

Problems: < limit does not exist for free theory:

e H= H0
S = lim e*fot = 797
t— o0

« S-matrix is trivial for energy eigenstates

H|Yin) = Ein|¥in)
H|¢0ut> = Eout|wout>
S~ 5(Ein - Eout)

(and limit does not exist: S = (Ein — Eout) lim et = 777)
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What is the S-matrix?

classical scattering
Pin

comes in on straight line

 Momentum doesn’t change much at very early and very late times
« Hamiltonian is approximately free at early/late times
 Momentum is a constant of motion in the free theory
« Momentum is not an eigenstate of the full Hamiltonian

« S-matrix is projection of free Hamiltonian eigenstates p,, onto p;i,
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Wheeler-Heisenberg S matrix

quantum mechanics :
freely evolving state

zH t
i %) / (asymptotic state)
‘_\hb +—— state evolving with H
—iHt zHOt —tHt — ZHot
t_l}r_n e ) = t_l}I_Il e |%in) tlim e ) = tlim € [Yout)
|¢> — Q—|¢in> ’¢> — Q-|-|77Dout>
” - A\ |
Moller operator: Q_ = lim e""te=*Ho? 0, = lim ¢iHte—itot
t——o00 t— o0
= ’¢0ut> — QILI—’¢> — QLQ_‘¢IH>
H_I
Attempt #2: S-matrix:

maps between eigenstates of free Hamiltonian



Wheeler-Heisenberg S matrix

Oy = lim eltetHot
Attempt #2: S _ QT ) J T 5o
p— N2
Wheeler-Heinsenberg S matrix :me 0 i

etHot |¢|in>

 Now, if H=Hg S=1, as desired

1
« This is the usual interaction picture: [§) ettt
« States evolve with H, .
« Operators evolve with ~ “H — H,” S ons) g Hot
Note that

The Wheeler-Heinsenberg S matrix is just an operator
* not some God-given thing essential to QFT




Problems

« Haag’s theorem: interaction picture doesn’t exist
» Moller operators are not unitary operator on Hilbert space (non-perturbative)
* Moller operators don'’t exist order-by-order in perturbation theory due to UV
divergences

* Non-perturbative S-matrix does exist (Haag-Ruelle, LSZ)
* Proof uses H only (not Hy), not Moller operators
« Uses a different definition of S
« exact mass eigenstates created by aT defined in terms of ¢
« Requires a mass gap, Wightman axioms
« Cannot actually compute anything with it

* In QED or other theories with massless particles
{- S matrix is infinite (infrared/collinear dlvergences) perturbatively

Qfa\tnx is zero (exponential suppression S ~ e~ < = 0) non-pertubatively

The biggest practical problem




Infrared divergences

p N/d4q
(¢ + p)?

/ d*q / dE,do / dE,do
p % . Y — Y
2p-q 2E,E,(1 — cos?) qu\e o

E, — 0  collinear
soft singularity Singularity

Physical reason for IR divergences in S
« We can never separate a charged particle from its electromagnetic field




Infrared divergences

3 approaches to making S finite

1. “Cross-section method”
* IR divergences cancel at cross section level
S matrix does not need to exist

2. Redefine scattering states
« Coherent/dressed state approach

3. Redefine S

 The Wheeler-Heinsenberg S matrix is just an operator
* not some God-given thing essential to QFT

« Can we find an operator with more sensible properties?
* Yes! Using effective field theory
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1. Cross-section method

When do soft divergences cancel at cross section level?

A. Bloch-Nordsieck theorem (1937)
0o inclusive over outgoing photons (E, < o) is IR finite in QED
« Exploits simplicity of Abelian theory

>(< ><XH Zn =5)x(1+ O(N)

« Fails in QCD
« o is still IR divergent after summing over final state gluons
« failure related to massless charged particles
» collinear singularities = mass singularities




1. Cross-section method

When do soft & collinear divergences cancel at cross section level?

B. KLN theorem (1963)
» Kinoshita+Sirlin (1959) o(u~ — e~ v, ) divergent at m, =0 at 1-loop
divergence canceled by o(p™ — e v, U.7)
 final state mass singularity cancellation
» Kinoshita (1962) :
 mass singularity at m,=0 should cancel if we sum over initial states
* Lee and Neunberg (1963):

* proved it
« Sum over all possible initial and final state in an energy window

/ dILdIL0(|E; — Eo| — weut) XO(| By — Eo| — weut) X 0( — f) = finite

A little confusing

 Why do we need a window if energy is conserved?
- Do we really need all possible states, including |7) = | f)



1. Cross-section method

When do soft & collinear divergences cancel at cross section level?

C. Frye at al (2018):
« IR divergences cancel in any theory when we
include all initial or final state cuts of a given diagram

* Finite parts cancel too!
* Proof is simply unitarity
« Probability of |4in) to go to anything is 1
* Works order-by-order in pertubation theory

1=14+0-g+0-¢°+0-¢°+---

« Checks are highly non-trivial w,_< ;
* Involve disconnected diagrams >«~

Bottom line: KLN is useless




1. Cross-section method

When do soft & collinear divergences cancel at cross section level?

Summary
« Cancellation of soft singularities in QED requires summing over final state photons
» Collinear singularities arise from massless charged particles
« Cancellation requires summing over all degenerate initial and final states
« 0 =0toall orders
 How to handle charged initial states is an open problem

Usual procedure
1. Argue there are no massless charged particles anyway
* misses the point
* mass turns divergence into large log
* how do we sum those large logs?
2. Subtract off collinear limits using splitting functions/PDFs
« Observables must avoid forward scattering region
« Assumed, not proven, to work
« Can’t compute total cross sections
 We don’t know if there’s a problem if we don’t know what to look for




Infrared divergences

3 approaches to making S finite

1. “Cross-section method”
* IR divergences cancel at cross section level \/
S matrix does not need to exist

2. Redefine scattering states
« Coherent/dressed state approach

3. Redefine S

 The Wheeler-Heinserberg S matrix is just an operator
* not some God-given thing essential to QFT

« Can we find an operator with more sensible properties?
* Yes! Using effective field theory
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2. Redefine scattering states

Chung (1965): replace free electrons with dressed electrons  [p?) = eft|p)
dd‘lk e:(k)
Rp) =<3 [ 250l )

\ soft/eikonal emission amplitudes

Then (p%---pd|S|pips) is IR finite in QED

« Cancellation mechanism the same as in Bloch-Nordsieck
* Amplitude minus its soft limit is soft finite

Many issues

* Moves the IR divergence problem from amplitudes to states

» Hilbert space of “coherent states” does not exist [Kibble 1968]

» No successful generalization to QCD

* No one ever explicitly computed matrix elements of dressed states



Infrared divergences

3 approaches to making S finite

1. “Cross-section method”
* IR divergences cancel at cross section level \/
S matrix does not need to exist

2. Redefine scattering states \/
« Coherent/dressed state approach

3. Redefine S

 The Wheeler-Heinserberg S matrix is just an operator
* not some God-given thing essential to QFT

« Can we find an operator with more sensible properties?
* Yes! Using effective field theory




3. Redefine S matrix

_ _ Moller operators
Wheeler-Heisenberg S matrix

tHt —1Hot

_of QL = lim e"'e
s=0la £ = N
removes free evolution

Dollard (1970)
» IR divergence in non-realtivistic quantum mechanics is only in Coulomb phase

] m_ L
{ﬁflglﬁl} o~ _*LE-;EW Zeq

(5: — by )*

» we should include Coulomb interaction in the asymptotic evolution
* replace Hy with an asymptotic Hamiltonian

HO ? Hasymptotic — H() =+ HCoulomb
QL —> lim eltetHast
t—+o0

« What happens in the relativistic case?



3. Redefine S matrix

_ _ Moller operators
Wheeler-Heisenberg S matrix

tHt —1Hot

S = QLQ_ s = t—lgcnooe © '\]\

removes free evolution

Fadeev & Kulish (1970): generalization to relativistic QED
SFK - lim —R(t+)E—z‘@(n)se—i@(t_)BR(t_)

ti—rV ~N

put R in dressed states
d*k l:p £, {k}ajf Lt E;‘(k) q -;'L'“t] -

R(t) =e Ef (2m)3 (2m)3/ 2wy,

pok ® goes in Hyg
005 [ Gty PP Tl
p(p) = Z( slas —b2'b;)
Showed matrix elements of Sy are finite
« Same mechanism as Bloch-Nordsieck 50 lat
« Same problems as Chung years laler,
* cutoffs needed can we do better?

* no explicit calculations
« fails for mass singularities & QCD
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We want to define a hard S-matrix using hard Moller opertors
I _ : iy
Sy = QITOH Qff = lim e fte et
i—":|:00

How do we pick H,¢ for massless QCD?

| claim a great choice is | H,s = Hgcpt

W

~ Hamiltonian of
Soft-Collinear Effective Theory

Has many nice properties
* Includes all non-decoupling long-distance/collinear interactions
» Hard S-matrix elements are IR finite
» equal to Wilson coefficients
» closely related remainder functions
» Factorization: states evolve independently of how they scatter
« Can compute hard S-matrix elements explicitly
» Can replace explicit cutoffs with dimensional regularization
» u dependence drops out of observables, as usual
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How do we compute S, matrix elements?
Firstwite g, = QAT QH - Q= f 00> = 0= 5 01

good-old Wheeler-Heisenberg S matrix
Then

(wOutl‘S’Hl’lrbin) = f d]'_'[".b(’)ut f dH"/);n(QPOutlQiS |"1b(’)ut) <:1b:mt| S%ﬂ)}( 1’n| QiSleln)
\ / Y

asymptotic region t=—co  central region t=co asymptotic region
time ' '
usual free-theory P ! : pan
Fock states AN AN
n -5 w5 n E-n
state gets ordinary state gets

“‘dressed” S-matrix elements “undressed”
USing HSCET using HSCET
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Example: Z — e*e"

! v

§ L al|l2 4+2L 2 4+2L
.......... i [ i > — M04 5 + — 5 —_

! e T LEr €y

€r

« IR finite at amplitude level!



What is the S-matrix? Matthew Schwartz

Interpretations

2
( |SH|Z) M0+M0—[ 8+%—L2+3L:|

1. Hard S matrix elements = Wilson Coefficients

« Same as Wilson coefficientin SCET

@ o - - € =mzgor

_ Not entirely trivial
soft n-collinear n-collinear «  Graphs are different, but still scaleless
Could depend on scheme

New interpetation:
« Wilson coefficients usually from matching between two theories
* Now understood as matrix elements of a single operator
« Justifies why we might expect Wilson coefficients to have
interesting analytic or symmetry properties
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Interpretations

1. Hard S matrix elements = Remainder functions
What is a remainder function?

Dual conformal invariance (DCI) is symmetry under

momenta X o .2

p i 2, ij

Xg X, . — —5 ng — 55

Z x? ity

E, = x - x ,
i 1 i+1 v X3 xy _ Xi _ )CJ
o DCI:
dual variables

M only depends on 72 2
DCI cross ratios q; ., = &k
17kl 35‘2 .’122
1k gl

* Symmetry of tree-level planar N=4
* Violated at 1-loop
* loops in N=4 are IR divergent
* regulating IR divergences breaks scale invariance

What'’s the point of a symmetry that’s violated at 1-loop?
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1-loop planar N=4 SYM 4-point amplitude
» Color order amplitude
» Divide out by tree-level spin structures

1 2 -1 0
M (e)=-= M()( )+ M () + -
where €2
2 2 .
MO (1) = -1 K _mﬂ_t IR divergences
_8 —
2 27!'2
MOE@) =, 2
1 () —t n—.s 3
2 _ 2 2 2 2 2 _ 2 e 2
Mf)(el)=—“—1n—3—11n3—8+“—1n“——11n3“—+“—1n“— L TS B L TS
2 3 u 12 -s 6 -5 4 u 2 U u 2 u u Uu
I Lip—> 4 Lig— + ~(3 + (s < £)
u u
2 1 -t 1 t t w2 1 2 p2 - 2
Y5l W N P N AP . MU . o M N P W P U R M S Y
24 u 8 u 8 wu u 6 U u 4 U u 24 -s 24 s 2 U u
_ 2 2 2 2
Ly Tk LS apt 1y oy ot o + L, w2 B L2 lip= i CmE i,
U U 8 u 4 U u 4 u u u 3 -s 2 U Uu u U u
2
- 4
- e e s, 2om
U U 7

Looks kind of nasty...
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4 point amplitude at 2-loops has no new functions!

@ _ 2 200 ™ LW 1y2 _ g0
MP = 2 - MO+ [12+2M ()2 = 2M (e)]
+1[ 12M<1)(_1)+M( (e YMD (D) = 2D (e 1)+C3] M® () + O(e)
€

el _
Mf)(GO):%[Mil)(GO)] M(l)(e()) +M(1)(_1)[M(1)(61) C3]+M(1)( 2)M(1)(62)

6 120

BDS Ansatz: all orders amplitude is exponential of 1-loop up to constants

MBEDS = exp [Z ((filﬂ'e"”)'E ﬂ)L (f(L)(e)Mfﬁ,l)(Le) + WD) 4 EﬁL)(e))]

" o — 1,

CW =0 C®=-oG EY0-=0
» reduces amplitude to numbers

» not quite this simple for n=6+ legs...
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BDS Ansatz
2V \ L
MES = oxp [Z ((amery 22) (7O (QOM (L) + 0D + EéL)(f))]

L

 fails for n>5
» parametrize deviation from BDS with remainder functions

M.y,
MBDS

Rn=ln|:

* remainder functions respect dual conformal invariance
* ... butviolate Steinmann Relations
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Steinmann relations

Steinmann (1960):
amplitudes cannot have sequential discontinuities in partially overlapping channels:

Discg,,,Discs,.,Z =0

3 4 3 4

1 6 1 6

* Provides important constraints
* e.g. Caron-Huot, Dixon, McLeod, von Hippel 1609.00669
Boostrapped the 5-loop 6-particle amplitude using Steinmann

Why does it hold”? When does it hold? What else holds?
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BDS Ansatz
2V \ L
MBDS — exp [Z ((471'6_'}')‘E ngc) (f(L)(e)M?gl)(Lﬁ) +CW + ET("L)(‘S))]

L

 fails for n>5
» parametrize deviation from BDS with remainder functions

M.y,
MBDS

Rn=1n|:

* remainder functions respect dual conformal invariance

« violate Steinmann Relations
« sequential discontinuities in partially-overlapping channels must vanish

« could divide by other things, e.g. "BDS-like”, or “minimally-normalized”:

2 L .
MEPS ——— ppmin =eXp[z((4m-v)€9§g") ( f(L)(e)M,(,,l’d”)(Le)+C(L))]
L

Minimally-normalized remainder function is
A7 BPS:() _ _ 1, p?  p? 5 Same as hard S-matrix element

M, s In—+— in MS!
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6 point 1-loop amplitude

ml)(e) =y [—llnz(—sm) Cln 212 T8 1ln2 _8123] (MS)
2 —S123 —S123 4 —S5234
-Li;(1-u)-Liy (1 -v) = Liy (1 - w) + 6( + O(e)
N ~N N
conformal cross ratios
» 1-loop used for subtraction L SuSs _ smSw SuSo

* no predictions at 1-loop Csimsus| smsi’ Swssau
« BDS-like subtraction uses

cycles

M= 3 [—ln(—slg)ln(—323)+%ln(—312)ln(—s45):|+6§2 (BDS-like scheme)
cycles
* exponentiation involves only 2-particle invariants
« cannot violate Steinmann relations

Different remainder schemes correspond to different subtraction schemes in SCET
* Not clear if they are all consistent

» Counterterms must be local
» Different choices have different symmetries. Must keep exploring!
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Review

» The traditional S matrix is just an operator. It is not fundamental.

* An S matrix is only useful if it can
1. Predict observables
2. Elucidate symmetries/teach us about QFT

* The traditional S-matrix subtracts off the free Hamiltonian

t—):l:oo
« With massless partlcles, this is not a great choice

» S has singularities
* S breaks symmetries (conformal inviariance, etc.)

« An alternative Hard S-matrix subtracts off all asymptotic interactions

Sy=010H QF = |im e!tsetHasts
ti—}:E'DD \
Hamiltonian of SCET
e S-matrix elements are Wilson coefficients

* Preserves symmetries like conformal invariance



Open questions

 What is an electron?
« Many ways to “dress” an electron.
» All ways give the same formal IR-divergence cancellation
« What principle fixes the finite part of the dressing?

Do PDFs work?
« Singularities in forward scattering region are not reproduced by splitting functions
* Glauber modes are needed
« Is being inclusive over the forward region enough?

« What are the the symmetry/analyticity properties of S,?
* Hard S-matrix elemens are IR and UV finite
 Still have branch points
» Can results of S-matrix theory for massive theories be used in massless theories?
* e.g. Steinmann relations
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Steinmann relations

Steinmann (1960):
amplitudes cannot have sequential discontinuities in partially overlapping channels:

Discg,,,Discs,.,Z =0

3 4 3 4

1 6 1 6

* Provides important constraints
* e.g. Caron-Huot, Dixon, McLeod, von Hippel 1609.00669
Boostrapped the 5-loop 6-particle amplitude using Steinmann

Why does it hold”? When does it hold? What else holds?
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Steinmann relations

Steinmann (1960): original papers in German.
« Totally impenetrable

arXiv: 2007.13747 “Sequential Discontinuities and the Monodromy Group”

J. Bourjaily, H. Hannesdottir, A. McLeod, MDS, and C. Vergu

Proved Steinmann using old-fashioned time-ordered pertubation theory

v P2
g2, .

5 93 = ! L
1’ T B — (w1 +wo) +ie (B — E3) — (wy + ws) +ie
\ Do
Ps

In a region where s,,5>0 and s,3,>0, no TOPT
diagram involves both invariants

Discg,,,Discg,,, Z =0

Broader lessons (for me)

Important to understand physical regions

Important to understand paths of analytic continuation
Much more to be learned about sequential discontinuties
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Sequential discontinuites

« Sequential discontinuities are at the heart of the S-matrix program

* Double, triple, etc. dispersion relations around all branch points
« Strongly constrained
« Work in progress with Hannesdottir, McLeod and Vergu.

1. Hierarchical principle (Landshoff et al 1969)
Sequential discontinuities must be in a strict hierarchy

G3a.

\ IG2a




Sequential discontinuites

« Sequential discontinuities are at the heart of the S-matrix program

* Double, triple, etc. dispersion relations around all branch points
« Strongly constrained
« Work in progress with Hannesdottir, McLeod and Vergu.

2. Pham diagrams (Pham 1967)
* Sequential discontinuities must form commutative diagrams
« Can only compute a discontinuity/monodromy using a codimension 1 contour

ker k3¢ | ker k¢ | _—

allowed forbidden
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Conclusions

Q: What is the S-matrix?
A: Just some stupid operator

Better question: What is an electron?

« After 100 years, we still don’t understand what scattering is

 Infrared divergence cancellation is not even well understood
* KLN theorem is trivial: probability of any state evolving is 1
» Forward scattering region complicates factorization
* Do PDFs solve the problem, or sweep it under the non-pertubative rug?

» It’s possible define an S-matrix for massless particles with nice properties
* IR and UV finite
« Symmetries (conformal invariance)
* Analytic properties (Steinmann relations)
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