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Outline
• Overview of αs measurements
• Heavy Jet Mass at e+e- colliders
• Unusual behavior compared to thrust

• Sudakov shoulder resummation

• Position-space resummation



PDG 2019
Overall global fit

Thrust 
(N3LL + NNLO 
+ theory power corrections)

C-parameter

EEC 
(NNLL + NNLO
+ MC power corrections)

Refs [...] quote surprisingly small overall 
experimental, hadronization, 
and theoretical uncertainties 
of only 2, 5, and 9 per-mille, respectively, 
which calls for an independent confirmation. 

“unbiased” e+e- average

Ignores theorists results?

LHC: 
only CMS only tt total cross section

Flavor Lattice Averaging Group 



Overall global fit

Thrust 
(N3LL + NNLO 
+ theory power corrections)

C-parameter

EEC 
(NNLL + NNLO
+ MC power corrections)

Refs [...] quote surprisingly small overall 
experimental, hadronization, 
and theoretical uncertainties 
of only 2, 5, and 9 per-mille, respectively, 
which calls for an independent confirmation. 

“unbiased” e+e- average

Ignores theorists results?

LHC: 
only CMS only tt total cross section

Tension?

Flavor Lattice Averaging Group 

PDG 2019



PDG 2019 PDG 2023

removed
2023

Why were they removed?

• New insights into power
corrections in 3-jet region
(Nason et al.) 

“These findings are 
inconsistent with the very 
small experimental, 
hadronization, and 
theoretical uncertainties of 
only 2, 5, and 9 per-mille, 
respectively, as reported in 
Refs. [683,685]. For these 
reasons, we exclude the 
results of Refs. [683–685] 
from the average. “

--PDG QCD p. 35

Joey Huston,  alphas-2024 workshop, Trento 



Two issues here

1.All event shapes seem to give low values of α
• Are we modelling the power corrections correctly?

2.Heavy jet mass gives a very low value
• Are we modeling the tail correctly?



Event shapes



Thrust

Thrust data from ALEPH (2004)

t,ρ << 1:  small jets

t, ρ= 0.5:  spherical events

Thrust [Farhi, 1977]
• Split event into two hemispheres 

• thrust axis n maximizes Thrust
• Thrust axis effectively minimizes sum of hemisphere masses 

Heavy jet mass

n n



Thrust from QCD

Theory doesn’t look anything like the data!
Theory doesn’t look anything like the data!

Farhi (1977)



Theory doesn’t look anything like the data!
Theory doesn’t look anything like the data!

Farhi (1977)

Ellis, Sexton (1981)

Thrust from QCD



Theory doesn’t look anything like the data!
Theory doesn’t look anything like the data!

• If as is small, why does perturbation theory not work?
Large

Logarithms!!

Ellis, Sexton (1981)

Gehrmann et al (2007)

Thrust from QCD

Farhi (1977)
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co
ll
in
ea
r
se
ct
or

is
in
se
n
si
ti
ve

to
th
e
d
ir
ec
ti
on

of
tr
av
el

of
th
e

ch
ar
ge
s
ou

ts
id
e
of

it
s
co
n
e,

ju
st

as
th
e
so
ft

p
h
ot
on

s
co
u
ld

n
ot

re
so
lv
e
th
e
su
b
st
ru
ct
u
re

in
a
co
ll
in
ea
r
se
ct
or
.
T
h
er
ef
or
e,

al
l
th
e
ch
ar
ge
s
ou

ts
id
e
of

th
e
co
n
e
ca
n
b
e
d
ef
or
m
ed

in
to

th
e

sa
m
e
d
ir
ec
ti
on

,
sa
y

t
µ j
,
in

w
h
ic
h
ca
se

th
e
ch
ar
ge
s
ad

d
ex
ac
tl
y
as

in
E
q.

(8
4)
.
T
h
is
is
w
hy

an
in
d
iv
id
u
al

co
ll
in
ea
r
se
ct
or

se
es

th
e
W

il
so
n
li
n
e,

W
j
;
a
cl
as
si
ca
l
so
u
rc
e
of

ra
d
ia
ti
on

tr
av
el
in
g

in
th
e

t
j
d
ir
ec
ti
on

w
it
h
op

p
os
it
e
ch
ar
ge

to
th
at

in
th
e
co
n
e.

W
e
ca
n
m
ak
e
th
is

st
or
y
ev
en

cl
os
er

to
th
at

of
th
e
so
ft

by
b
oo

st
in
g
in

th
e

j
-t
h
d
ir
ec
ti
on

w
it
h
a
ga
m
m
a
fa
ct
or

of
�
�
1
.
T
h
en

th
e

j
-c
on

e
b
ec
om

es
th
e
w
h
ol
e
sp
ac
e
ex
ce
p
t
a
co
n
e
in

th
e
op

p
os
it
e
d
ir
ec
ti
on

w
h
ic
h
co
nt
ai
n
s
al
l
of

th
e
ra
d
ia
ti
on

th
at

w
as

or
ig
in
al
ly

ou
ts
id
e
of

th
e

j
-c
on

e.
C
al
l
th
is
n
ew

co
n
e
th
e

j̄
-c
on

e.
N
ow

,
al
l
of

th
e
ch
ar
ge
s
th
at

w
er
e
or
ig
in
al
ly

ou
ts
id
e
of

th
e

j
-c
on

e
ar
e
in

th
e

j̄
-c
on

e
an

d
ac
t
as

a
si
n
gl
e
cl
as
si
ca
l
so
u
rc
e
fo
r
ra
d
ia
ti
on

in
to

th
e

j
-s
ec
to
r

(w
h
ic
h
n
ow

fi
ll
s
al
m
os
t
th
e
w
h
ol
e
sp
ac
e,

ju
st

as
th
e
so
ft

se
ct
or

d
id
).

T
h
e
fr
ee
d
om

of
ch
oi
ce

of
th
e
d
ir
ec
ti
on

of
th
e
W

il
so
n
li
n
e,

t
j
,
co
m
es

fr
om

th
e
fa
ct

th
at

an
y
d
ir
ec
ti
on

ou
ts
id
e
of

th
e

j
-c
on

e
ge
ts

b
oo

st
ed

in
to

th
e

j̄
-c
on

e.
T
h
is
p
ic
tu
re

is
sh
ow

n
in

F
ig
u
re

2.

29�!

Y
†

j

F
ig
u
re

1:
T
h
e
p
hy

si
ca
l
p
ic
tu
re

of
so
ft

p
h
ot
on

s
em

it
te
d
by

a
cl
as
si
ca
l
so
u
rc
e,

Y
† j
.
T
h
e
b
lu
e

ov
al

re
p
re
se
nt
s
m
ag
n
ifi
ca
ti
on

th
at

sh
ow

s
th
e
su
b
st
ru
ct
u
re

of
th
e
co
ll
in
ea
r
se
ct
or

w
h
ic
h
is

in
vi
si
b
le

to
th
e
so
ft

p
h
ot
on

s.

sc
al
es

x
⇠

(�
Q
)�

2
.
In

p
ar
ti
cu
la
r,

si
n
ce

so
ft

p
h
ot
on

s
h
av
e
w
av
el
en
gt
h
s
w
h
ic
h
ar
e
a
fa
ct
or

of
�
�
1
la
rg
er

th
an

th
e
w
id
th

of
th
e
co
ll
in
ea
r
se
ct
or

(t
h
e
je
t)
,
th
ey

ca
n
n
ot

re
so
lv
e
th
e
je
t’
s

su
b
st
ru
ct
u
re
,
on

ly
it
s
n
et

ch
ar
ge
.
T
h
is
is
sh
ow

n
p
ic
to
ri
al
ly

in
F
ig
u
re

1.
O
u
ts
id
e
of

th
e
je
ts
,
th
e
so
ft

p
ar
ti
cl
es

in
te
ra
ct
,
an

d
sp
li
t
in
to

sc
al
ar
s
on

ti
m
e
sc
al
es

�
t
⇠

(�
Q
)�

2
.

N
on

e
of

th
es
e
ad

d
it
io
n
al

so
ft

p
ar
ti
cl
es

ca
n

p
ro
b
e
th
e
je
t’
s
su
b
st
ru
ct
u
re

ei
th
er
.

T
h
at

is
w
hy

th
e
so
ft

L
ag
ra
n
gi
an

is
a
to
ta
ll
y
d
ec
ou

p
le
d
fo
rm

th
e
co
ll
in
ea
r
L
ag
ra
n
gi
an

–
so
ft

p
h
ot
on

s
on

ly
se
e
th
e
je
t
as

a
cl
as
si
ca
l
so
u
rc
e
of

ra
d
ia
ti
on

in
th
e
d
ir
ec
ti
on

n
µ
,
w
h
ic
h
is
w
h
at

th
e
W

il
so
n
li
n
e
en
co
d
es
.
In

fa
ct
,
if
on

e
ch
an

ge
s
to

ra
d
ia
l
co
or
d
in
at
es
,
so

th
e
je
ts

b
ec
om

e
p
ar
al
le
l
li
n
es

ex
te
n
d
in
g
fo
rm

⌧
=

±
1

[4
8]
,
on

e
ca
n
li
te
ra
ll
y
th
in
k
of

th
e
je
ts

as
p
ar
al
le
l
w
ir
es

w
h
os
e
m
ov
in
g
ch
ar
ge
s
on

ly
le
av
e
a
co
ll
ec
ti
ve

im
p
ri
nt

on
th
e
ex
te
ri
or

m
ag
n
et
ic

fi
el
d
.

T
h
e
p
os
it
io
n
-s
p
ac
e
p
ic
tu
re

of
co
ll
in
ea
r
fa
ct
or
iz
at
io
n
is

si
m
il
ar

to
th
e
so
ft

ca
se

ju
st

d
e-

sc
ri
b
ed
.

D
u
e
to

th
e
sc
al
in
g
of

th
e
m
om

en
ta

of
co
ll
in
ea
r
p
ar
ti
cl
es
,
co
ll
in
ea
r
ra
d
ia
ti
on

is
co
n
fi
n
ed

in
to

a
se
t
of

co
n
es
.
T
h
e
ra
d
ia
ti
on

in
th
e

j
-t
h
co
n
e
(c
al
l
it
th
e

j
-c
on

e)
ca
n
n
ot

re
so
lv
e

an
y
of

th
e
d
yn

am
ic
s
ou

ts
id
e
of

th
at

co
n
e;

it
ca
n
on

ly
se
e
ra
d
ia
ti
on

th
at

is
em

it
te
d
in
to

it
.

In
p
ar
ti
cu
la
r,

an
in
d
iv
id
u
al

co
ll
in
ea
r
se
ct
or

is
in
se
n
si
ti
ve

to
th
e
d
ir
ec
ti
on

of
tr
av
el

of
th
e

ch
ar
ge
s
ou

ts
id
e
of

it
s
co
n
e,

ju
st

as
th
e
so
ft

p
h
ot
on

s
co
u
ld

n
ot

re
so
lv
e
th
e
su
b
st
ru
ct
u
re

in
a
co
ll
in
ea
r
se
ct
or
.
T
h
er
ef
or
e,

al
l
th
e
ch
ar
ge
s
ou

ts
id
e
of

th
e
co
n
e
ca
n
b
e
d
ef
or
m
ed

in
to

th
e

sa
m
e
d
ir
ec
ti
on

,
sa
y

t
µ j
,
in

w
h
ic
h
ca
se

th
e
ch
ar
ge
s
ad

d
ex
ac
tl
y
as

in
E
q.

(8
4)
.
T
h
is
is
w
hy

an
in
d
iv
id
u
al

co
ll
in
ea
r
se
ct
or

se
es

th
e
W

il
so
n
li
n
e,

W
j
;
a
cl
as
si
ca
l
so
u
rc
e
of

ra
d
ia
ti
on

tr
av
el
in
g

in
th
e

t
j
d
ir
ec
ti
on

w
it
h
op

p
os
it
e
ch
ar
ge

to
th
at

in
th
e
co
n
e.

W
e
ca
n
m
ak
e
th
is

st
or
y
ev
en

cl
os
er

to
th
at

of
th
e
so
ft

by
b
oo

st
in
g
in

th
e

j
-t
h
d
ir
ec
ti
on

w
it
h
a
ga
m
m
a
fa
ct
or

of
�
�
1
.
T
h
en

th
e

j
-c
on

e
b
ec
om

es
th
e
w
h
ol
e
sp
ac
e
ex
ce
p
t
a
co
n
e
in

th
e
op

p
os
it
e
d
ir
ec
ti
on

w
h
ic
h
co
nt
ai
n
s
al
l
of

th
e
ra
d
ia
ti
on

th
at

w
as

or
ig
in
al
ly

ou
ts
id
e
of

th
e

j
-c
on

e.
C
al
l
th
is
n
ew

co
n
e
th
e

j̄
-c
on

e.
N
ow

,
al
l
of

th
e
ch
ar
ge
s
th
at

w
er
e
or
ig
in
al
ly

ou
ts
id
e
of

th
e

j
-c
on

e
ar
e
in

th
e

j̄
-c
on

e
an

d
ac
t
as

a
si
n
gl
e
cl
as
si
ca
l
so
u
rc
e
fo
r
ra
d
ia
ti
on

in
to

th
e

j
-s
ec
to
r

(w
h
ic
h
n
ow

fi
ll
s
al
m
os
t
th
e
w
h
ol
e
sp
ac
e,

ju
st

as
th
e
so
ft

se
ct
or

d
id
).

T
h
e
fr
ee
d
om

of
ch
oi
ce

of
th
e
d
ir
ec
ti
on

of
th
e
W

il
so
n
li
n
e,

t
j
,
co
m
es

fr
om

th
e
fa
ct

th
at

an
y
d
ir
ec
ti
on

ou
ts
id
e
of

th
e

j
-c
on

e
ge
ts

b
oo

st
ed

in
to

th
e

j̄
-c
on

e.
T
h
is
p
ic
tu
re

is
sh
ow

n
in

F
ig
u
re
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Factorization

=C× ×

�!Y

†
j

F
igure

1:
T
he
physical

picture
of
soft

photons
em
itted

by
a
classical

source,
Y

†
j
.
T
he
blue

oval
represents

m
agnification

that
show

s
the
substructure

of
the
collinear

sector
w
hich

is

invisible
to
the
soft

photons.

scales
x
⇠

(�
Q
)
�
2 .

In
particular,

since
soft

photons
have

w
avelengths

w
hich

are
a
factor

of
�
�
1 larger

than
the
w
idth

of
the
collinear

sector
(the

jet),
they

cannot
resolve

the
jet’s

substructure, only
its
net
charge.

T
his
is
show

n
pictorially

in
F
igure

1.

O
utside

of
the
jets, the

soft
particles

interact, and
split

into
scalars

on
tim
e
scales

�
t
⇠

(�
Q
)
�
2 .

N
one

of
these

additional
soft

particles
can

probe
the
jet’s

substructure
either.

T
hat
is
w
hy
the
soft

Lagrangian
is
a
totally

decoupled
form

the
collinear

Lagrangian
–
soft

photons
only

see
the
jet
as
a
classical source

of
radiation

in
the
direction

n
µ , w

hich
is
w
hat

the
W
ilson

line
encodes.

In
fact,

if
one

changes
to
radial

coordinates,
so
the
jets

becom
e

parallel lines
extending

form
⌧
=
±
1

[48], one
can
literally

think
of the

jets
as
parallel w

ires

w
hose

m
oving

charges
only

leave
a
collective

im
print

on
the
exterior

m
agnetic

field.

T
he
position-space

picture
of
collinear

factorization
is
sim
ilar
to
the
soft

case
just

de-

scribed.
D
ue
to
the
scaling

of
the
m
om
enta

of
collinear

particles,
collinear

radiation
is

confined
into

a
set
of cones.

T
he
radiation

in
the

j-th
cone

(call it
the

j-cone)
cannot

resolve

any
of
the
dynam

ics
outside

of
that

cone;
it
can
only

see
radiation

that
is
em
itted

into
it.

In
particular,

an
individual

collinear
sector

is
insensitive

to
the
direction

of
travel

of
the

charges
outside

of
its
cone,

just
as
the
soft

photons
could

not
resolve

the
substructure

in

a
collinear

sector.
T
herefore,

all
the
charges

outside
of
the
cone

can
be
deform

ed
into

the

sam
e
direction, say

t
µ
j
, in
w
hich

case
the
charges

add
exactly

as
in
E
q. (84).

T
his
is
w
hy
an

individual collinear
sector

sees
the
W
ilson

line,
W
j; a
classical source

of
radiation

traveling

in
the

t j
direction

w
ith
opposite

charge
to
that

in
the
cone.

W
e
can
m
ake
this

story
even

closer
to
that

of
the
soft

by
boosting

in
the

j-th
direction

w
ith
a
gam
m
a
factor

of
�
�
1 .

T
hen

the
j-cone

becom
es
the
w
hole

space
except

a
cone

in

the
opposite

direction
w
hich

contains
all of

the
radiation

that
w
as
originally

outside
of
the

j-cone.
C
all this

new
cone

the
j̄-cone.

N
ow
, all of the

charges
that

w
ere
originally

outside
of

the
j-cone

are
in
the

j̄-cone
and

act
as
a
single

classical source
for
radiation

into
the

j-sector

(w
hich

now
fills
alm
ost
the
w
hole

space, just
as
the
soft

sector
did).

T
he
freedom

of
choice

of
the
direction

of
the
W
ilson

line,
t j, com

es
from

the
fact

that
any
direction

outside
of
the

j-cone
gets

boosted
into

the
j̄-cone.

T
his
picture

is
show

n
in
F
igure

2.

29

�
!

Y
† j

F
ig
ur
e
1:

T
he

ph
ys
ic
al

pi
ct
ur
e
of

so
ft
ph
ot
on
s
em

it
te
d
by

a
cl
as
si
ca
l
so
ur
ce
,
Y
† j
.
T
he

bl
ue

ov
al

re
pr
es
en
ts

m
ag
ni
fic
at
io
n
th
at

sh
ow

s
th
e
su
bs
tr
uc
tu
re

of
th
e
co
lli
ne
ar

se
ct
or

w
hi
ch

is

in
vi
si
bl
e
to

th
e
so
ft
ph
ot
on
s.

sc
al
es

x
⇠

(�
Q
)�

2
.
In

pa
rt
ic
ul
ar
,
si
nc
e
so
ft
ph
ot
on
s
ha
ve

w
av
el
en
gt
hs

w
hi
ch

ar
e
a
fa
ct
or

of
�
�
1
la
rg
er

th
an

th
e
w
id
th

of
th
e
co
lli
ne
ar

se
ct
or

(t
he

je
t)
,
th
ey

ca
nn
ot

re
so
lv
e
th
e
je
t’
s

su
bs
tr
uc
tu
re
,
on
ly

it
s
ne
t
ch
ar
ge
.
T
hi
s
is
sh
ow

n
pi
ct
or
ia
lly

in
F
ig
ur
e
1.

O
ut
si
de

of
th
e
je
ts
,
th
e
so
ft
pa
rt
ic
le
s
in
te
ra
ct
,
an
d
sp
lit

in
to

sc
al
ar
s
on

ti
m
e
sc
al
es

�
t
⇠

(�
Q
)�

2
.

N
on
e
of

th
es
e
ad
di
ti
on
al

so
ft

pa
rt
ic
le
s
ca
n
pr
ob
e
th
e
je
t’
s
su
bs
tr
uc
tu
re

ei
th
er
.

T
ha
t
is
w
hy

th
e
so
ft
L
ag
ra
ng
ia
n
is
a
to
ta
lly

de
co
up
le
d
fo
rm

th
e
co
lli
ne
ar

L
ag
ra
ng
ia
n
–
so
ft

ph
ot
on
s
on
ly

se
e
th
e
je
t
as

a
cl
as
si
ca
l
so
ur
ce

of
ra
di
at
io
n
in

th
e
di
re
ct
io
n

n
µ
,
w
hi
ch

is
w
ha
t

th
e
W
ils
on

lin
e
en
co
de
s.

In
fa
ct
,
if
on
e
ch
an
ge
s
to

ra
di
al

co
or
di
na
te
s,
so

th
e
je
ts

be
co
m
e

pa
ra
lle
ll
in
es
ex
te
nd
in
g
fo
rm

⌧
=

±
1

[4
8]
,o
ne

ca
n
lit
er
al
ly
th
in
k
of
th
e
je
ts
as

pa
ra
lle
lw

ir
es

w
ho
se

m
ov
in
g
ch
ar
ge
s
on
ly

le
av
e
a
co
lle
ct
iv
e
im
pr
in
t
on

th
e
ex
te
ri
or

m
ag
ne
ti
c
fie
ld
.

T
he

po
si
ti
on
-s
pa
ce

pi
ct
ur
e
of

co
lli
ne
ar

fa
ct
or
iz
at
io
n
is
si
m
ila
r
to

th
e
so
ft
ca
se

ju
st

de
-

sc
ri
be
d.

D
ue

to
th
e
sc
al
in
g
of

th
e
m
om

en
ta

of
co
lli
ne
ar

pa
rt
ic
le
s,

co
lli
ne
ar

ra
di
at
io
n
is

co
nfi
ne
d
in
to

a
se
t
of
co
ne
s.
T
he

ra
di
at
io
n
in
th
e
j
-t
h
co
ne

(c
al
li
t
th
e
j
-c
on
e)
ca
nn
ot

re
so
lv
e

an
y
of

th
e
dy
na
m
ic
s
ou
ts
id
e
of

th
at

co
ne
;
it
ca
n
on
ly

se
e
ra
di
at
io
n
th
at

is
em

it
te
d
in
to

it
.

In
pa
rt
ic
ul
ar
,
an

in
di
vi
du
al

co
lli
ne
ar

se
ct
or

is
in
se
ns
it
iv
e
to

th
e
di
re
ct
io
n
of

tr
av
el

of
th
e

ch
ar
ge
s
ou
ts
id
e
of

it
s
co
ne
,
ju
st

as
th
e
so
ft
ph
ot
on
s
co
ul
d
no
t
re
so
lv
e
th
e
su
bs
tr
uc
tu
re

in

a
co
lli
ne
ar

se
ct
or
.
T
he
re
fo
re
,
al
l
th
e
ch
ar
ge
s
ou
ts
id
e
of

th
e
co
ne

ca
n
be

de
fo
rm

ed
in
to

th
e

sa
m
e
di
re
ct
io
n,

sa
y

tµ j,
in

w
hi
ch

ca
se

th
e
ch
ar
ge
s
ad
d
ex
ac
tl
y
as

in
E
q.
(8
4)
.
T
hi
s
is
w
hy

an

in
di
vi
du
al
co
lli
ne
ar

se
ct
or

se
es

th
e
W
ils
on

lin
e,

W
j;
a
cl
as
si
ca
l
so
ur
ce

of
ra
di
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Radiation 
collinear to 

Jet 1 direction
Radiation 

collinear to 
Jet 2 direction

Radiation 
collinear to 

Jet 3 direction

Soft radiation

Hard function

the [?] equations and explicit proofs of collinear universality have appeared at 1-loop [?] and
to all-orders at large N in [?]. The structure of the infrared divergent regions of virtual
momenta have been characterized long ago, starting with Landau’s equations, and progress-
ing through the reduced-diagram pinch-surface picture often associated with Collins, Soper
and Sterman (CSS). Soft-Collinear E↵ective Theory (SCET) elegantly explains factorization
by assigning appropriate scaling behavior to soft and collinear fields. Nevertheless, there is
(to our knownledge) no explicit proof that soft-collinear factorization holds to all orders in
pertubation theory. It is the aim of this paper to provide such a proof.

An ancillary goal of this paper is to simplify the language used to discuss factorization.
To avoid unneccessary complication, all of the fields in our discussion will be fields in QCD
(or in scalar QED or some other gauge theory). All of the virtual momentum integrals will
be over all of Minkowski space, R1,3. Half of the challenge in proving factorization is in
stating precisely what one wants to prove. We therefore provide an explicit equation, both
sides of which can be computed order-by-order in pertubation theory using ordinary QCD
Feynman diagrams.

The factorization formula we derive applies to matrix elements in QCD between initial
states |X i

i and final states hXf
| that can be separately partitioned into N

i and N
f regions

of phase space such that the total momentum P
µ

j
in each region has an invariant mass which

is small compared to its energy. More explicity, we demand P
2
j
< �

2(P 0
j
)2 for some number

� ⌧ 1 which we use as a power-counting parameter. For such states, the momentum
q
µ of any particle has to be either collinear to one of N

i or N
f lightlike directions, nj,

meaning nj · q < �
2
q
0, or soft, meaning p

0
< �

2
P

0
j
. Thus we can write for the final state

hX
f
| = hX1 · · ·XNf

;Xf

s
|, where all the particles with momentum collinear to nj are contained

in the jet state hXj| and the particles that are soft are in hXs|. Similarly, the initial state
can be written as |Xs

i = hXNf+1 · · ·XN ;X i

s
|, where N = Ni +Nf . We insist that no initial

state particle be collinear to any final state particle. If a particle is both soft and collinear,
it can be assigned to either state.

With this setup, a precise statement of factorization is that the matrix element Mfi for
scattering |Xii into hXf | is

Mfi
⇠= Ccihj(Sij)

hX1| 
⇤
W1 |0i

h1c1

h0|Y †

1 W1 |0i
· · ·

h0|W
†

N
 |XNi

hN cN

h0|W
†

N
Y N |0i

hX
f

s
|Y

†

1 · · ·Y N |X
i

s
i
c1···cN (1)

where ⇠= means the two sides are equal up to corrections of order �. The outgoing and
incoming Wilson lines Wj, Yj, W j and Y j are defined in Section ??. If there are gluons in
the initial or final state, additional terms with adjoint Wilson lines, and covariant derivatives
appear (see Section 11.1). The notation Ccihj(Sij) refers to a Wilson coe�cient which is a
vector in color and spin space. The Wilson coe�cient is a function only of the Lorentz-
invariant combinations Sij ⌘ (Pi + Pj)2 ⇠= 2Pi · Pj of jet momenta P

µ

j
in each direction; it

does not depend at all on the distribution of energy within the jet or on the soft momenta.
The subscripts ci refer to the colors of the scattered particles and hj refer to their helicities.
Since color is conserved, all the ci are contracted, and thus most elements of Ccihj(Sij) are
zero. We use the over-complete color-space basis for simplicity. Explicit examples of the

2
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Improved convergence
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Power corrections etc.
[Abbate et al, 2011]

Non-pertubative model function
• Can be fit from data
• Dominated by first moment

• Include bottom-quark corrections
• Include QED effects
• Use profile functions instead of canonical scales
• + 3-loop hard function
• R-gap subtraction to remove leading renormalon

(Abatte et al 2010 fit for thrust)



Thrust update (2024)
Miguel Benitez-Rathgeb et al, work in progress

• Added QED effects
• Added bottom quark effects
• Improved profile functions

• Still lower than world average
• Good stability to fit range

different colors 
different fit ranges



Heavy jet mass
Try the same procedure for heavy jet mass

Chien and Schwartz (2010)Perturbative prediction

Add power corrections: • Flat direction between α and Ω1
• Broken by shape and different Q’s

• αs seems very low

Increase ΛNP=Ω1

Increase αs

• Need better NP modeling



Chien and Schwartz 2010  (arXiv:1005.1644)
 NNNLL resummation with NNLO matching

HJM has always been an outlier
Salam and Wicke 2001 (hep-ph/0102343)

HJM Other
event shapes



What is different about thrust and HJM?

1. Different power corrections

2. Different perturbative behavior in the 3-jet region



Power corrections in dijet region
• Associated with hadronization effects, mass gap in QCD
• Soft contribution shifts

Roughly consistent
 with simulation

• Can rigorously derive power corrections as
operator expectation value using SCET

• Can model higher corrections with a model 
function



Power Corrections from Pythia 

What’s going on here?



Mass schemes
Thrust depends on 3-vectors Heavy jet mass depends on 4-vectors

• Experiements measure energy and angle (E, θ,φ)
• Or do they measure |p|, and angle (|p|,θ,φ)?

• Use particle mass to get (E,p, θ,φ)

E scheme: 
<latexit sha1_base64="myvLcPbMxsusrM0djj3C+Dcz/ug=">AAAB/XicbVDLSgNBEOz1GeNrfdy8DAZBEMJuCOpFCIrgMYJ5QLIJs5NJMmR2dp2ZFeIS/BUvHhTx6n9482+cJHvQxIKGoqqb7i4/4kxpx/m2FhaXlldWM2vZ9Y3NrW17Z7eqwlgSWiEhD2Xdx4pyJmhFM81pPZIUBz6nNX9wNfZrD1QqFoo7PYyoF+CeYF1GsDZS296/Rheoqe6lToJWAZ2gqFUYte2ck3cmQPPETUkOUpTb9lezE5I4oEITjpVquE6kvQRLzQino2wzVjTCZIB7tGGowAFVXjK5foSOjNJB3VCaEhpN1N8TCQ6UGga+6Qyw7qtZbyz+5zVi3T33EiaiWFNBpou6MUc6ROMoUIdJSjQfGoKJZOZWRPpYYqJNYFkTgjv78jypFvLuab54W8yVLtM4MnAAh3AMLpxBCW6gDBUg8AjP8Apv1pP1Yr1bH9PWBSud2YM/sD5/ACotk8Q=</latexit>

E =
p

m2 + p2

<latexit sha1_base64="6ugg16APo1HgDldy2ne+ESHOK1Y=">AAAB/HicbVDLSgMxFM3UV62v0S7dBIvgxjJTiroRiiK4rGAf0E5LJs20oUlmTDLCMNRfceNCEbd+iDv/xrSdhbYeuHA4517uvcePGFXacb6t3Mrq2vpGfrOwtb2zu2fvHzRVGEtMGjhkoWz7SBFGBWloqhlpR5Ig7jPS8sfXU7/1SKSiobjXSUQ8joaCBhQjbaS+XYzgJeyqB6nTm17lFPJeZdK3S07ZmQEuEzcjJZCh3re/uoMQx5wIjRlSquM6kfZSJDXFjEwK3ViRCOExGpKOoQJxorx0dvwEHhtlAINQmhIaztTfEyniSiXcN50c6ZFa9Kbif14n1sGFl1IRxZoIPF8UxAzqEE6TgAMqCdYsMQRhSc2tEI+QRFibvAomBHfx5WXSrJTds3L1rlqqXWVx5MEhOAInwAXnoAZuQR00AAYJeAav4M16sl6sd+tj3pqzspki+APr8wfUJpOc</latexit>

p =
p

E2 �m2p scheme: 

My version

• What’s going on at large ρ?
• Τurns out that scheme dependence doesn’t affect fits much because it’s largely absorbed into Ω1

Salam and Wicke 
[hep-ph/0102343]

Look at mean hadonization: 
• generate partons
• ρp = parton level thrust
• hadronize same partons
• ρh = hadron level thrust
• histogram difference ρh – ρp
for each ρp



Phase space only
• Something else we can look at is thrust or heavy jet mass using 
           phase space only
• Set M=1 and use RAMBO to generate events

Thrust

HJM

massive partons m=5 GeVmassless partons

• corrections larger for ρ
• corrections positive even at large ρ



“Gluer” approach
Caola et al arXiv:2204.02247
Nason and Zanderighi: 2301.03607Use a ”gluer” with offshellness m

• Determine the power correction from the dependence on
the offshellness regulator
• Map large Nf behavior to the leading IR renormalon

Luisoni, Monni, Salam: :2204.02247

Model as observable-
dependent 
shift function

positive power 
for thrust

Nason & Zanderighi (2301.03607)

negative shift for 
heavy jet mass

Universal parameter   
why is it universal?

• It’s not
• 100% uncertainty on this function from the “gluer” approach
• perturbation theory not valid in this region anyway



Sudakov Shoulders



2. Perturbative difference
Heavy jet mass

• Good agreement for larger α/larger NP
• Shifting up or right would help

thrust

• But for HJM the shape is clearly wrong 
• Shifting up or right won’t help

Zoom in on the far tail

NLO thrust

NLO HJM

Zoom 

Could the Sudakov shoulder explain why 
HJM and Thrust are different?

LO thrust or HJM (Αρ = Ατ)

• Thrust has right shoulder only
• HJM has left and right shoulders

Sudakov shoulders

HJM shape much 
wrong at NNLO!



Could resummation of the Sudakov shoulder improve the theory prediction?

NLO thrust (Bτ)

NLO HJM (Βρ)

LO thrust or HJM (Αρ = Ατ)

• Thrust has right shoulder only

Thrust and HJM have different Sudakov shoulders

• HJM has left and right shoulders

Thurst and HJM have different Sudakov shoulders



Sudakov Shoulders
• Catani and Webber (hep-ph/9710333)

• C parameter has a right-shoulder 
• discontinuity at C=0.75

• Seymour (hep-ph/9707338)
• Jet shape has a discontinuity at r=1

LO

NLO

analytic DLL
resummation Monte Carlo

resummation
(all particles)

NLO Monte Carlo
resummation
(jet only)



Sudakov Shoulders
Shoulders are a generic feature when range of observable changes order by order

LO:  C < ¾,  ρ,τ <⅓

• Maximum value at unique trijet configuration

LO ρ or τ

• Phase space zero volume at endpoint
• Phase space volume vanishes linearly as ρ →⅓

• Cross section vanishes linearly as endpoint approached
• Leads to kink (discontinuity in first derivative)

• at NLO get                           behavior

kink

• Matrix element is finte at this endpoint
• |M|∼ constnat for ρ ∼ ⅓



Where do logs come from?
NLO: 4 partons

Thrust axis

• 7 possible options for thrust axis

• 5 dimensional phse space
• Choose 5 energies, angles, invariants

only region that
contributes for

Large shoulder logs

cross section Phase space closes off as r → 0

• Compute cross section in small r=1/3-ρ region



Factorization

m1

m2

m3

Suppose thrust axis points in 1 direction (other cases by permuation)
• Two inequalities (T1 > T2 and T1 > T3), combined together into

• For m1 = m2 = m3 = 0 get ⅓-r < s12 < ⅓+ 2r so phase space cuts off as r→0

With masses,
 phase space is zero unless

Consider the case of three massive partons (collinear radiation only)
• Phase space is 2d: described by s and t or s12=(p1+p2)2 and r = ⅓-ρ

1. Soft and/or collinear emissions turn LO partons into jets

m
2. Derive constraint relating kinematics to ρ or τ

3. Constraint turns double logs for jet mass into shoulder logs



• Leading power constraint for thrust is

• Only solutions for t > 0
• t < 0 no phase space limits

• not sensitive to emissions
• Only right shoulder

Factorization

3. Constraint turns double logs for jet mass into shoulder logs

• Leading power constraint for HJM is

• Solutions for r > 0 and r < 0
• Large logs in both left and right shoulder

e.g.  One collinear emission (one nonzero mass)

cross section
• generates sudakov logs

Phase space closes off as r → 0
• generates r prefactor

1. Soft and/or collinear emissions turn LO partons into jets

2. Derive constraint relating kinematics to ρ or τ



Soft radiation
Including soft and collienar radiation constraint is

= soft radiation in the sextant aligned with direction 

= soft radiation in the sextant opposite  

thrust

HJM

Compute 6-argument soft function

Final factorization formula

Hard
Jet

Soft Measurement function

Jet Jet
0th order



1-loop soft function 
Need to compute 4 integrals

• Like Catalan
• Or 

• Gieseking’s constant (transcendality 2 number)

For NNLL resummation we need the constants.
Some of these we were only above to get numerically



• RGE Consistency check -

Previously computed in 
literature

−

1-loop soft function 

Combine integrals together to produces trijet hemisphere soft function

✓



Resummed distribution

HJM, ρ< ⅓

HJM, ρ > ⅓

Thrust, τ > ⅓

Check fixed order expansion



Check fixed order expansion
Expanding to order αs for the HJM left shoulder

constant and linear term not predicted
(more on this soon)

And similarly (with differnet constants) for the HJM right shoulder and thrust 

Thrust

Excellent agreement with event 2 (NLO fixed order)

HJM

• used  cutoff = 10-12, 12 trillion events for 
event2 



Resummed distribution

canonical
scales

NLO

NLL

Plot it

Blows up at ρ～0.25
• Arises when 

• Comes from running associated with cusp anomalous dimension
• We call this a “Sudakov Landau pole”

• Present even if β=0
• Similar effects seen in qT resummation for Drell-Yan

• resolved by doing resummation in impact-parmaeter space



UV divergences
Factorization formula is of the form

• can have
• integral is linearly UV divergent in this region for 0 < a,b <1

Simplest to take two more derivatives and consider

• Now UV finite
• Will need to integrate twice and set integration constants c0 + c1 r

• Formula is valid for ρ< ⅓ (r>0) as well as ρ > ⅓ (r<0)
• Still has Sudakov Landau pole at a+b=1,2,3,...



Position vs momentum space
In momentum space, distribution is complicated and non-analytic

In position space, distribution is remarkably simple

No longer has Sudakov landau poles at a+b = 1,2,3...

• Note: must be position space not Laplace space
• In Laplace space distribution is not simple

• For 1-sided Laplace transform, need to flip sign in exponent to make integral convergent

• Still has Sudakov Landau pole 

• difficult to compute
• must carefully track analytic continuation



Γ0 approximation
To undestand better what is happening, consider the “Γ0 approximation”
•  set all γj=0 and β=0 
• keep only leading cusp anomalous dimension Γ0

Momentum space

canonical
 scales

Position space

canonical
complex
scales

• Sudakov Landau poles are there
• Not of the double-logarithmic form exp[ L g1(α L) ]

• Includes problematic subleading terms

• Sudakov Landau poles are gone
• Exactly of the double-logarithmic form exp[ L g1(α L) ]

• Problematic subleading terms are absent



Γ0 approximation

momentum 
space scales

position
space scales

With position space scale setting
• Sudakov Landau poles are gone
• Distribution is continuous across r=0
• With running coupling wil be smooth across r=0

Can show that

• derivatives blow up at Sudakov Landau pole
• exp(-∂2) supresses the divergence



Matching to the dijet region
We need to match bewteen the shoulder region and the dijet region

large 
dijet logs

large
 shoulder logs

Look at fixed order

expand near ρ=0 expand near ρ=⅓

• want pure shoulder for ρ > 0.25
• fade to dijet by ρ < 0.15



Matching to the dijet region

We use sigmoid functions to 
• fade between shoulder and dijet
• fade out resummation in the right shoulder.

Turn off resummation in shoulder and dijet region by using ρ dependent profile functions for soft and jet scales:

total

dijet contribution

shoulder contribution



Scale variations

• dominated by soft variation
• will go down a bit with N3LL dijet
resummation

Envelope of all 
variations

Preliminary



Final result
Compare to NLO and just dijet resummation ratio to best 

• Matched result is 
• 20% higher than NLO
• More important than NNLO correction

• Pure dijet + NLO is 5% to 20%  larger for 0.15 < ρ < 0.3
things go nuts because
denominator is zero

Preliminary Preliminary



New fits for HJM Work in progress with Vicent Mateu, 
Andre Hoang, Iain Stewart, Miguel Benitez-Rathgeb,
Xioayuan Zhang, Arindam Bhattacharya

• NP model function
• Renormalon subtraction
• mb effects
• QED corrections

• αs still coming out very low

αs ~ 0.114

different
 fit ranges

work 

in progress

• Compatible with thrust
• Still low compared to world average
• fairly large dependence on fit range



Next steps

Conclusions
• Sudakov shoulders are large logarithms associated with perturbative phase space boundaries

• Heavy jet mass has a left Sudakov shoulder (ρ < ⅓) and a right sudakov shoulder (ρ > ⅓) 
• large logs extend down to ρ = 0.15 where αs fits are done

• Τhrust only has a right shoulder (τ > ⅓ )
• shoulder resummation is not critical for αs fits for thrust

• Factorization theorem for the Sudakov shoulder allows for systematic resummation
• Scales must be set in position space before Fourier transforming to avoid spurious Sudakov Landau poles
• We resummed the HJM shoulder to NNLL, matching to NNLL dijet resummation and NLO fixed order 

• Effect is signifcant 
• 5% to 100% larger than dijet+NLO for 0.15 < ρ < 0.3

• Extend matching to NNLO and N3LL dijet 
• Study power corrections

• Factorization formula valid in the trijet region gives operator definition
• How to interpolate power corrections from dijet to shoulder region?
• How many non-perturbative parameters are needed?

• Extract αs from e+e- data

Preliminary


